
 Intro to Motivic Homotopy Theory A htpy

a Zariski Nisnevich descent

Motivic spaces

Motivic Eilenberg MacLane spaces

1 Descent Thong
Assume the base scheme S is qcqs Noetherian

Sms cat of smooth S schemes of finiee_t.pe
guarantee Sms is ess small

Recall A Grothendieck site is a cat equipped w a

top which is a choice of collection of families of maps
Sfi Ui X了ie I a.k.a coverings s.t.it satisfies

1 Base change g X Y S Ui xxY Y了

2 Local character 9gj Vj X s.t.SI jxxUi.Ui3
sSgjI covering

3 Identity Hi so 403 covering

I Have to ask that e has pullbacks

us For e Sms have different 却

ietǒiiiiZariski top
9 Ui fi X了 open immersion jointlysurjeetivennnnne



étale top
étale morphism

Nisnevich top
étale st H x E X i and

ye Uist.yi.xinduasisiiniyydiddn nn

yFACTZarEN.isét

Def Consider the presheaf F Schs e Schs has

a Gnothendieektopi.TKn F is a T sheaf if
covering Sfi Ui x7

UFCXI Ii t applying F to Cech
nerve NCU

Rk If e is 1 cat then all higher info are forgotten

So replace A by 0 1 get equalizer

F X T lim TI F Ui Tj F Uij
If l is abelian then recover the sheaf condition

0 FX Ti F Ui αβ Tlij FIUj I
left exact

Rk Previous def is known as the descent condition

Actually for specific top a small collection of covers



is enough to decide the descent condition instead of
doing descent on all covers

Def A cd str completely decomposable is a collection of
comm square in e closed under iso

A

BCis
Given this can define its top being the coarset top s.t

9 B D C D3 is a covering for every such square

eg Zariski top is gen.by distinguished Zar square
Un V U

Ǔ ǓuV
Nis top is gen.by distinguished Nis square

Uㄨㄨ V V

ˇ

U i i
P

i open immersion p restricts to iso p IX U X U

Def Thm D F E PShe Schs is a Zariski sheaf

F107 and sends distinguished Zar square to



q

htpy pullback

2 F E Pshe Sms is a Nis sheaf

Fc 1 and sends distinguished Nis sq.to htpy pullba

2 Motivic Spaces

Working in Sms Nis Let F E PSheSms

Def 1 F is A inv if It X E Sms Xx A X induce

F X FCX X A

2 F is strongly htpy inv if It Y X Zariski loc

trivial afine morphism w fibers iso to affine space

then F X s F Y

Write PshAi Sms full subcat of PshSms gen.by
PShn Sms 2

Then PShut 5ms
C.P_shgiigst.CI

She5ms



Def The cat of motivic spaces is

Spc k ShuNis Smk n PshAl Smk

ie the full subcat of Psh Smk s.t.co

jsareNis.sheavesandareA

inv.FACTShuNis
Smn nPShA Smk

Shuvis Smk n PShnt Smk

In general hard to write down oljs in Speck Instead

there's a universal way to turn any presheaf on Smk into

a motivic space

Psh Smk LN's ShuNis Sme LA Spc k
Commute in cs.cat

sense Lmot

where Livis
sheafificationw.r.t.Nis.op.LA

localization a left adjoint to inclusion

LA Shu Smk ShUA Smk

Lmot E LA O LNis

Explicitly Lmot colimlLNis.LA OLNis LNisLA'LNis

computed in presheaf cat



Rk X E Smk or Sms y X1 assoc presheaf of set

ly Yoneda Then

Lmot y X motivic space of X

Def Pted motivic spaces SpcIS is given by
7 SpcS Spc S Forget

where Xi X H S

Notation cofiber of Y X

Y X pnshout

V
XYY

X 1 Y X Y
ㄨvㄚ

fr X V Y coproduct in Spc S

EX X pushout

I Ǐx
or IX E S n x

Rk E in motivic spaces means Y f X then

Lmotfequiv.eg.lt F E PshSms
F x A E F



eg Pd Ai U An intersection 6m

6m E Ak
Z

老
in a ǐpi I6m

m Speck Z大了 A ˋ 903

Def motivic spheres are

S 6m S S

SP9 SP 9 n 6m 9

FACT A 一 903 Σ 116mi

pf 6m x 6m c 6m x A

A ǐ6m c A2Ǐ903
collapse A and observe

6mV m C 6m

ǎm ǎ
6mn 6m s

ˇ ˇ

s A2 903

A2 503 E Σ Gm1 2 Keep going



S E A 90 13

pf 5 10 A pushout

I.si
as a corollary A 一 903 52ⁿᵈ

A A 一903 E S2
P pn_ so3 E S

pf A 一 503 P 一 503

pnshont.inǐpn

Def A htpy gps
X E PSh Sms Then

To X
Nis.sheafassocwlUES.ms

1 To X U

If X x E PSh Sm then

Ti X x 二

U E Sms 1 Ti X U x

We write A htpygps to be

TA X To LmotX

TA X x Ti Lmot x



3 Eilenberg Maclane Spaces

One important example of motivic htpy thy is the Eilenberg
MacLane space

Def H A E AbNis k cat of Nis sheaves of abelian

gps on

XESmk.denote

K A n DK 1A n Psh Smk
where DK Ain Dold Kan construction of chain apx

w A concentrated at deg n

Rk Dold Kan correspondence

Chao ANis ki Fun A AbNis k

chaincpx i s simplicial sheaf

Consider I forget levelwise sheaf str
Fun A AbNis k Fun A Fun Smi Ab

V

Fun1Δ Fun Smk Set

v Forget

Psh Smk
Write DK Chao Abivis ki Psh Smk be the

composition



Prop 1 KCA.nl Shuvis Smk

27 Ti KIA n

f
A i

noelse
3 nat identification

ToMapshuns 一 KIA n E HNis 一 A

RKKCA.nl not recess a motivic space

Examples

Note K A n X Hompshsn.cl X K A n

His X A

if A is A local

eg Ga

pretty worse like Bal


